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Purposes of the Purposes of the Purposes of the Purposes of the peridynamicperidynamicperidynamicperidynamic modelmodelmodelmodel

•Why do this?

– The standard theory is not a good tool for modeling cracks. 

• PDEs do not apply on discontinuities or to discrete particles.

• This leads to the need for special techniques when cracks are present.

– No natural way to couple atoms to continua.

•To be able to apply the same equations on or off of cracks.To be able to apply the same equations on or off of cracks.To be able to apply the same equations on or off of cracks.To be able to apply the same equations on or off of cracks.

•To treat discrete particles using the same equations as continuaTo treat discrete particles using the same equations as continuaTo treat discrete particles using the same equations as continuaTo treat discrete particles using the same equations as continua....
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StrategyStrategyStrategyStrategy

•The integral equations involve interaction between points 
separated by finite distances (nonlocality).

•The integral equations are not derivable from the PDEs.

•But they converge to the PDEs in the limit of small length scales.

Replace the standard Replace the standard Replace the standard Replace the standard PDEsPDEsPDEsPDEs with integral equations.with integral equations.with integral equations.with integral equations.
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The basic assumptionThe basic assumptionThe basic assumptionThe basic assumption

Now need to introduce some tools (“peridynamic states”) for keeping 
track of how these neighborhoods deform.
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PeridynamicPeridynamicPeridynamicPeridynamic states:  Mathematical tool states:  Mathematical tool states:  Mathematical tool states:  Mathematical tool 
for dealing with collections of bondsfor dealing with collections of bondsfor dealing with collections of bondsfor dealing with collections of bonds

A vector state is like a 2nd order tensor, except:
• A vector state can be nonlinear.

• A vector state can be discontinuous.
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Deformation statesDeformation statesDeformation statesDeformation states
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Deformation states containDeformation states containDeformation states containDeformation states contain
a lot of kinematical complexitya lot of kinematical complexitya lot of kinematical complexitya lot of kinematical complexity
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Elastic materialsElastic materialsElastic materialsElastic materials

Is this really so different from the standard theory?

Standard:                         Peridynamic:

Energy depends on a 
linearlinearlinearlinear transformation

Energy depends on a 
nonlinearnonlinearnonlinearnonlinear transformation
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Potential energy statement leads to the Potential energy statement leads to the Potential energy statement leads to the Potential energy statement leads to the 
peridynamicperidynamicperidynamicperidynamic equation of equilibriumequation of equilibriumequation of equilibriumequation of equilibrium
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Meaning of the Meaning of the Meaning of the Meaning of the FrechetFrechetFrechetFrechet derivativederivativederivativederivative
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Force states and bond forceForce states and bond forceForce states and bond forceForce states and bond force
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PeridynamicPeridynamicPeridynamicPeridynamic stress tensorstress tensorstress tensorstress tensor
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Properties of the Properties of the Properties of the Properties of the 
peridynamicperidynamicperidynamicperidynamic stress tensorstress tensorstress tensorstress tensor
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Convergence of Convergence of Convergence of Convergence of peridynamicsperidynamicsperidynamicsperidynamics
to the standard theoryto the standard theoryto the standard theoryto the standard theory

• If the only requirement on a material model is that it reproduce bulk response 
under homogeneous deformation, then the horizon (length scale) is arbitrary.
• If we shrink the horizon to zero, the PD equations converge to the classical PDEs.

• This result holds only if the deformation is smooth.This result holds only if the deformation is smooth.This result holds only if the deformation is smooth.This result holds only if the deformation is smooth.
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BondBondBondBond----based based based based peridynamicperidynamicperidynamicperidynamic modelmodelmodelmodel

Bond

Deformed bond

Bond strain
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Damage is introduced through Damage is introduced through Damage is introduced through Damage is introduced through 
irreversible bond breakageirreversible bond breakageirreversible bond breakageirreversible bond breakage

Bond strain

Bond 
breakage

Two examples of material models that include damage:
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How fracture occurs in a How fracture occurs in a How fracture occurs in a How fracture occurs in a peridynamicperidynamicperidynamicperidynamic bodybodybodybody

•As it stretches:
•First it deforms continuously.
•Then a material instability occurs, nucleating a crack.
•Then the crack advances autonomously.

Example of bond response

Bond strain

Bond force



• Assume a homogeneous deformation of 
this peridynamic material.

• When enough bonds stretch past the 
peak, material instability occurs.

Material instability and damageMaterial instability and damageMaterial instability and damageMaterial instability and damage

Undeformed circle

Deformed circle

“Over the top”
bonds

ξF
ξ Bulk response

Bond response

Expect instability

Bond strain

Bond force

Bulk stress

σ11

Bulk strain ε11
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Crack nucleation conditionCrack nucleation conditionCrack nucleation conditionCrack nucleation condition

2nd Frechet derivative
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• Adding up the work needed to break all bonds across a plane yields the energy release 
rate:

Energy required to advance a crackEnergy required to advance a crackEnergy required to advance a crackEnergy required to advance a crack

Bond stretch

Crack

There is also a version of the J-integral that applies in this theory.

Bond breakage
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Some nonlocal models and their relation to PDSome nonlocal models and their relation to PDSome nonlocal models and their relation to PDSome nonlocal models and their relation to PD

•Navier (1820’s, pre-Cauchy): 
•Solid as a collection of separated particles but linearized kinematics.

•PD: nonlinear kinematics, not restricted to central potentials.
•Kroner, Edelen, Eringen, Kunin, Krumhansl, others (1960’s on): 

•Continuum treatment of a lattice by averaging of strains over a volume.
•Quasicontinuum formulated in terms of displacement.

•PD: similar but nonlinear, allows damage, discontinuities.
•Bazant, Belytschko, others (1980’s on):

•Nonlocality in damage while retaining classical PDEs.
•PD: damage included through constitutive treatment of bonds.

•Barenblatt, Dugdale, Hillerborg, Bazant, others (1960’s on):
•Cohesive crack models.

•PD: cohesion across crack faces results from process of bond damage.
•Coleman, Aifantis, Hutchinson, Fleck, others (1950’s on):

•Gradient theories of elasticity and plasiticity (“weak nonlocality”).
•PD: strongly nonlocal, explicitly allows discontinuities.

•Lattice models, discrete elements, Cusatis model (1960’s on):
•PD is a continuum theory, but when discretized is similar to a lattice model.
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EMU numerical methodEMU numerical methodEMU numerical methodEMU numerical method

• Integral is replaced by a finite sum: resulting method is meshless and 
Lagrangian.
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Crack nucleationCrack nucleationCrack nucleationCrack nucleation

• A maximum in the bond force curve leads 
to crack nucleation at a prescribed strain 
independent of the breakage stretch.

Bond stretch

Bond force

Initiation strain

Bond breakagew0

Stretch > initiation strain
leads to crack initiation

Contours of stretch

Contours of displacement

Contours of displacement

Crack initiation leads to 
dynamic fracture
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Predicted crack growth direction depends Predicted crack growth direction depends Predicted crack growth direction depends Predicted crack growth direction depends 
continuously on loading direction continuously on loading direction continuously on loading direction continuously on loading direction 

• Plate with a pre-existing defect is subjected to 
prescribed boundary velocities.

• These BC correspond to mostly Mode-I loading 
with a little Mode-II.

Contours of vertical displacementContours of vertical displacementContours of vertical displacementContours of vertical displacement Contours of damageContours of damageContours of damageContours of damage
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Effect of rotating the grid Effect of rotating the grid Effect of rotating the grid Effect of rotating the grid 
in the in the in the in the ““““mostly Modemostly Modemostly Modemostly Mode----IIII”””” problemproblemproblemproblem

DamageDamageDamageDamage Damage, rotated gridDamage, rotated gridDamage, rotated gridDamage, rotated grid

DamageDamageDamageDamageDisplacementDisplacementDisplacementDisplacement

Network of identical bonds in 
many directions allows cracks 
to grow in any direction.

Original grid direction

30deg

Rotated grid direction
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Crack tip fields Crack tip fields Crack tip fields Crack tip fields 
in the in the in the in the ““““mostly Modemostly Modemostly Modemostly Mode----IIII”””” problemproblemproblemproblem

30deg

Rotated grid direction

Nodal displacements shown below are x200.

Contours of vertical 
displacement

Contours of maximum 
bond stretch (similar to 
max principal strain)

Contours of damage
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PeridynamicPeridynamicPeridynamicPeridynamic model of a 6061model of a 6061model of a 6061model of a 6061----aluminum baraluminum baraluminum baraluminum bar

• EMU simulation with large-deformation, strain-hardening, rate-dependent 
material model.

– Material model implementation by J. Foster, SNL 5431.

0% strain0% strain0% strain0% strain 100% strain100% strain100% strain100% strain

Necking under tension
Taylor impact test 

(J. Foster)

Test

Emu



Large horizon (coarse grid) Medium horizon (grid)

Small horizon (fine grid) Smallest horizon (finer grid)

Crack branching*Crack branching*Crack branching*Crack branching*

Peridynamic simulations of dynamic crack growth with 4 grid spacings (horizon = 3∆x)

Crack branching experimental 
results for a single edge notch 
specimen of homalite-100 
(Ramulu and Kobayashi, IJFM 
1985).

* Work by F. Bobaru & students



Bond based PD:Bond based PD:Bond based PD:Bond based PD:
Damage in composites (Boeing)Damage in composites (Boeing)Damage in composites (Boeing)Damage in composites (Boeing)

• How does the fraction of fibers in each direction affect the direction of crack growth?
• What damage occurs when a composite panel is struck by hail?

Crack growth in a notched panel
Delamination caused by impact

Fiber 
direction

Node

Matrix bond

Fiber bond

Fiber 
direction



PolycrystalsPolycrystalsPolycrystalsPolycrystals: : : : MesoscaleMesoscaleMesoscaleMesoscale model* model* model* model* 

• Vary the failure stretch of interface bonds relative to that of bonds within a grain.

• Define the interface strength coefficient by

Large β favors intra(trans)-granular fracture.

*

*

g

i

s

s
=β

β = 1 β = 4β = 0.25

• What is the effect of grain boundaries on the fracture of a polycrystal?

Bond strain

Bond force

*
is

*
gs

Bond within a grain

Interface bond

* Work by F. Bobaru & students
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NonlocalityNonlocalityNonlocalityNonlocality and length scalesand length scalesand length scalesand length scales

•Many physical problems have some natural length scale.

– Sometimes the length scale is obvious, e.g., 

•Interatomic forces

•Molecular dynamics cannot be done without nonlocality.

Atom i

Atom j



NonlocalityNonlocalityNonlocalityNonlocality and length scales: surface forcesand length scales: surface forcesand length scales: surface forcesand length scales: surface forces

• Sometimes the length scale is a little less obvious, e.g. 

•van der Waals forces that lead to longer-range surface forces.

•Force between a pair of atoms as they are separated:

•Net force between halfspace and a sphere made of many of these 
atoms* occurs over a much larger length scale:

See J. Israelachvili, Intermolecular and Surfaces Forces, pp. 177177177177.



• In a composite, the applicable length scale could be much greater than 
the fiber diameter or ply thickness.

NonlocalityNonlocalityNonlocalityNonlocality and length scales: compositesand length scales: compositesand length scales: compositesand length scales: composites

Distance

Stress

Fiber stress

Matrix stress

Total stress

Load

Fiber-reinforced composite with a gap in the matrix (“bridging”)



NonlocalityNonlocalityNonlocalityNonlocality as a result of homogenizationas a result of homogenizationas a result of homogenizationas a result of homogenization

• Homogenization, neglecting the natural length scales of a system, often 
doesn’t give good answers.

Indentor
Real

Homogenized, localStress

Claim: Claim: Claim: Claim: NonlocalityNonlocalityNonlocalityNonlocality is an essential feature of a realistic is an essential feature of a realistic is an essential feature of a realistic is an essential feature of a realistic 
homogenized model of a heterogeneous material.homogenized model of a heterogeneous material.homogenized model of a heterogeneous material.homogenized model of a heterogeneous material.



Proposed experimental method for Proposed experimental method for Proposed experimental method for Proposed experimental method for 
measuring the measuring the measuring the measuring the peridynamicperidynamicperidynamicperidynamic horizonhorizonhorizonhorizon

•Measure how much a step wave spreads as it goes through a sample.

• Fit the horizon in a 1D peridynamic model to match the observed spread.

Time

Free surface 
velocity

Peridynamic 1D

Visar

Spread

Projectile Sample

Visar

Laser

Local model would predict zero spread.
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Fragmentation example:Fragmentation example:Fragmentation example:Fragmentation example:
Expanding brittle tubeExpanding brittle tubeExpanding brittle tubeExpanding brittle tube

•Outer radius = 100 mm
•Thickness = 10 mm
•Radial velocity = 600 m/s

• Grid contains 1% random perturbations to act as seed.

Bond stretch

B
o
n
d
 f
o
rc
e
 d
e
n
s
it
y

Increasing horizon

For each choice of the horizon, 
select the material model 

parameters such that the energy 
release rate is the same for all.
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Fragmentation example:Fragmentation example:Fragmentation example:Fragmentation example:
Same problem with 4 different grid Same problem with 4 different grid Same problem with 4 different grid Same problem with 4 different grid spacingsspacingsspacingsspacings

∆∆∆∆x = 3.33 mm

∆∆∆∆x = 2.00 mm

∆∆∆∆x = 1.43 mm

∆∆∆∆x = 1.00 mm
Colors are just for 

visualization
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Fragmentation example: Fragmentation example: Fragmentation example: Fragmentation example: 
Fragment mass distributionFragment mass distributionFragment mass distributionFragment mass distribution

Mean 

fragment 

mass (g)

∆∆∆∆x (mm)

33.51.00

35.91.43

37.82.00

27.13.33

Cumulative distribution function for 4 
grid spacings
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Fragmentation example: Fragmentation example: Fragmentation example: Fragmentation example: 
Lower initial velocityLower initial velocityLower initial velocityLower initial velocity

• 200 m/s initial radial velocity.
• Not all cracks grow to completion.

∆∆∆∆x = 2.00 mm

∆∆∆∆x = 1.43 mm

Contours of damage
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Applications: Applications: Applications: Applications: 
Fragmentation of a concrete sphereFragmentation of a concrete sphereFragmentation of a concrete sphereFragmentation of a concrete sphere

• 15cm diameter concrete sphere against a rigid plate, 32.4 m/s.

– Mean fragment size agrees well with experimental data of Tomas.
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ConclusionsConclusionsConclusionsConclusions

• The ability to apply exactly the same equations everywhere yields practical 
benefits:

• Cracks nucleate spontaneously.
• Cracks advance “autonomously” – no need for supplemental equations.
• Dynamic fracture/fragmentation examples appear to have good 
convergence properties.

• The theory converges to the classical theory in the limit of small interaction 
distance.

• Yet nonlocality seems to be an essential feature of heterogeneous media.
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